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The collective dynamics of solitons with a coset space G/H as moduli space is studied. It is shown
that the collective band for a vibrational state is given by the inequivalent coset space quantization
corresponding to the representation of H carried by the vibration.
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I. INTRODUCTION
Solitons arise as static solutions of finite energy to the equations of motion of non linear field theories. A given
solution in general depends upon a set of parameters or moduli, and is a point in the manifold of solutions of equal
energy, or moduli space. In many cases this manifold is simply a coset space G/H where G is the group of symmetries
of the action and H ⊂ G is the symmetry of the solitonic solution.
Around a soliton there are two kinds of quantum excitations, one corresponding to collective motion in the moduli
space, and the other to vibrational excitations out of it. If the energy for the collective excitations is much lower than
that for the vibrational ones the low energy spectrum can be approximately described by collective bands associated
with each vibrational state.
Since the soliton is invariant under the subgroup H , vibrational excitations fit into irreducible representations of H .
It is the purpose of this letter to show that the collective band corresponding to a vibrational state in a representation
χ of H realizes a representation of G induced by χ. This representation is reducible, so that when it is broken into
irreducible representations the whole collective band is obtained. This is equivalent to saying that the collective band
for a vibrational state is given by the inequivalent quantization of G/H corresponding to the representation χ of H
carried by the vibration. In this way we show that collective motion is a physical example of the inequivalent coset
space quantizations introduced by Mackey [4], and more recently studied by Landsman and Linden [5] and MacMullan
and Tsutsui [7], among others.
II. THE MODEL
We consider a model [1] which formally corresponds to the motion of a particle in a Riemannian manifold subject
to a potential, with action (summation over a repeated upper and lower index is implicit)
S =
∫
dt
1
2
gst(q)q˙
sq˙t − V (q). (1)
The coordinates qs determine a configuration of the system. For field theories, qs is a map from physical into internal
space, so the index s stands for discrete internal indices and continuous spatial coordinates, and sums over s imply
also integrals.
We assume that the action S is invariant under an unbroken finite-dimensional compact group G, of transformations
of the fields
q → Rg(q), g ∈ G. (2)
Lets consider a static solution of the equations of motion q¯ (i.e., a minimum of V ), which is invariant only under a
subgroup H ⊂ G. In the case of a field theory q¯ would be a soliton. We will assume that the potential V (q) is such
that the moduli space is given by the orbit of q¯ under G, and is therefore a coset space M = OG(q¯) = G/H .
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The fluctuations normal to M are massive or vibrational modes and the tangent ones are zero or collective modes.
We are interested in the case in which the collective energy is much smaller than the vibrational one. Schematically
this is given by ~2/I ≪ ~ω ⇒ ~/Iω ≪ 1, where I is the inertia for the collective motion and ω the frequency for the
intrinsic excitations. This relation implies that it is meaningful to expand in loops (in powers of ~).
One way to treat this system is to introduce collective coordinates by performing a transformation of the fields q
with time dependent parameters [2,3,1],
q → Rg(α)(q), (3)
where αa(t) parameterize G. The action changes as
S →
∫
dt
1
2
gst(q)D0q
sD0q
t − V (q), (4)
where the covariant derivatives are given by D0q
s = q˙s + α˙aζba(α)δbq
s, and ζba are components of the Cartan-Maurer
one-form g−1dg = dαaζbaTb, with Ta being the group generators. The transformed action is invariant under gauge
transformations of the fields q and the collective coordinates
δεq
s = εa(t)δaq
s, δεα
a = −εb(t)Θab (α), (Θ = ζ
−1). (5)
The action (4) can be seen as describing the problem from an arbitrary moving frame of reference, its motion given
by the collective coordinates. While the gauge symmetry (5) acts from the right on the collective coordinates, the
original symmetry G acts from the left.
In [1] we quantized the action (4) by means of the Antifield formalism and calculated two-loops perturbative
corrections to the energies of the intrinsic states. In this letter, we are interested in understanding the collective
dynamics of an intrinsic state in terms of quantization of free motion in the moduli space M = G/H .
III. INEQUIVALENT QUANTIZATIONS OF G/H
It was shown by Mackey [4] that when the configuration space of a system is a coset space G/H there are many
different quantizations not equivalent to each other by unitary transformations, which are labeled by the irreducible
unitary representations χ of the subgroup H . The wave functions in a given inequivalent quantization are vector
valued, taking values in the representation space Vχ.
1 They can be obtained from vector valued functions in G which
satisfy (χ-equivariant)
f(χµ)(gh) =
∑
ν
piχνµ(h)f(χν)(g), (6)
where g ∈ G, h ∈ H , and piχ(h) are the matrices of the representation χ of H . Eq. (6) implies that the functions
f(χµ)(g) transform under the left action of G in the representation of G induced by χ. See [4,6] for the definition and
properties of induced representations.
Landsman and Linden [5] studied the dynamical consequences of the inequivalent quantizations for the motion of
a particle in G/H . They discovered that in the non-trivial quantum sectors the particle couples to a background
gauge field Aα, known as the H-connection, which takes values in the representation of the subalgebra pi
χ(h). The
Hamiltonian is given by
H = −
1
2
gαβ (∇α +Aα) (∂β +Aβ) , (7)
where ∇α is the covariant derivative constructed out of the metric gαβ on G/H . Due to the H-connection the
Hamiltonian is matrix valued (in the trivial representation of H it reduces to minus one half the Laplacian − 12∆G/H =
− 12g
αβ∇α∂β). An equivalent approach but with scalar wave functions and Hamiltonian was developed by McMullan
and Tsutsui [7], which allows for a simpler definition of the corresponding path integral.
1Wave functions are sections of a vector bundle over configuration space [5].
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IV. COLLECTIVE DYNAMICS
We will now find out to which of the inequivalent quantizations corresponds the collective band of a given intrinsic
state. To see this we consider the canonical quantization of the gauge system given by the action (4).
The gauge transformations (5) are generated by first class constraints [8]
Φa = Ja − Ia, (8)
where Ja are the generators for the transformations δaq of the intrinsic fields, and Ia are the right generators for the
collective coordinates
Ia = −iΘ
b
a
∂
∂αb
. (9)
The generators Ja can be divided into Ji (i = 1, . . . , dim(H)), which leave q¯ fixed and so generate the Lie algebra h
of H , and Jα (α = 1, . . . , dim(G/H)), which generate the complementary space g− h. Since H is a subgroup, the
operators Ji close under commutation [Ji, Jj] = iC
k
ijJk, where C
c
ab are the structure constants of G. Furthermore, as
G is compact the generators Jα can be chosen in such a way that
[Ji, Jα] = iC
β
iαJβ , (10)
which shows that Jα transform in a representation (possibly reducible) of H .
We expand the fields q in terms of fluctuations around q¯
qs = q¯s +
∑
χµ
ψs(χµ)qˆ(χµ) +
∑
α
ψsαqˆα, (11)
where ψs(χµ) are the non-zero frequency normal modes of the quadratic Hamiltonian, which, since H maps the tangent
space of q¯ into itself, fit into irreducible representations χ of H . Different states in the irrep χ are labeled by
µ = 1, . . . , dim(χ). In the third term ψsα = δαq¯
s are the zero modes, which also transform in a representation of H
given by the structure constants Cβiα (see Eq. (10)). To leading order the Hamiltonian reads
H =
∑
χµ
ωχ
(
a†(χµ)a(χµ) +
1
2
)
+
1
2
Iαβpαpβ + · · · , (12)
where Iαβ is the inverse of the inertia tensor
Iαβ = gst(q¯)ψ
s
αψ
t
β = gst(q¯)δαq¯
sδβ q¯
t, (13)
which is invariant under the action of H given by (10).
In terms of the fluctuations the intrinsic generators Ja read
Jα = pα +
∑
nm
(Dα)nmpnqˆm + · · · , (14)
Ji =
∑
nm
(Di)nmpnqˆm + · · · . (15)
The first term in (14) shows that Jα generate the zero modes δαq¯
s = ψsα. The operators (pn, qˆn) transform under
G in the representation given by the constant matrices Dmn, where n stands both for zero and massive modes. The
dots in the equations above stand for higher order terms, which are present in the case of non linear transformations.
To eliminate the zero modes we choose qˆα = 0 as a gauge fixing for the constraints Φα in (8). Substituting the
commutators by Dirac brackets amounts to solving pα from the equations Φα = 0 [8]
pα = Iα − J
(2)
α + · · · , (16)
where J
(2)
α =
∑
nm(Dα)nmpnqˆm, with n and m restricted to the finite modes (χµ). The Hamiltonian reads
H =
∑
χµ
ωχ
(
a†(χµ)a(χµ) +
1
2
)
+
1
2
Iαβ(Iα − J
(2)
α )(Iβ − J
(2)
β ) + · · · . (17)
3
A state in the collective band of a given intrinsic state carrying a representation χ of H (e.g., a†(χµ)|0〉) has a wave
function ψχ(q, α). This wave function is restricted to satisfy the H-gauge invariance condition Φiψχ = 0. This implies,
together with (8) and (15), that ψχ must be of the form
ψχ(q, α) =
∑
µ
ϕ(χµ)(q)f(χµ)(α), (18)
where ϕχµ(q) = 〈q|χµ〉 are the intrinsic wave functions, and the collective functions f(χµ) must satisfy
Iifχµ(α) = i
∑
ν
(Ti)
χ
νµf(χν)(α). (19)
Here (Ti)
χ
µν are the generators of H in the χ representation. This is the infinitesimal version of Eq. (6). A similar
condition holds for the discrete collective transformations h ∈ H , which together with (19) imply for all h ∈ H :
Rhf(χµ)(α) =
∑
ν
piχνµ(h)f(χν)(α). (20)
Therefore, the collective functions f(χν) satisfy Mackey’s condition (6), i.e., they transform under the left action of G
in the representation of G induced by the representation χ of H [6]. In other words, the states in the collective band
are those of the inequivalent quantization of G/H given by the representation χ of H carried by the intrinsic state.
By Peter-Weyl theorem ψχ(q, α) in (18) can be written as [6]
ψχ(q, α) =
∑
IMNµ
ϕ(χµ)C
I
MN(χµ)D
I
MN (α), (21)
where the sum is over all irreps I of G defined by the matrices DIMN (α). Under the left action of G each term of the
sum transforms in the corresponding representation I of G, whereas under the right action of H transforms in the
representation I of G considered as a representation of H . This representation of H is in general reducible and can
be broken in irreducible pieces χIk. Condition (20) implies that only those k such that χ
I
k = χ should be kept, i.e.,
f(χµ)(α) must transform under the representation χ of H . Hence, we rewrite (21) as
ψχ(q, α) =
∑
IM
CIMχψIMχ(q, α) =
∑
IM, k/χk=χ, µ
CIMχkϕ(χµ)(q)D
I
M(χk ,µ)
(α), (22)
where the index N was replaced by its decomposition into H irreps (χk, µ). This means that each representation I of
G appears in the collective band as many times as the representation χ of H is contained in the decomposition of I
into H irreps (we call this number dIχ). As the collective Hamiltonian, given by the second term in Eq. (17)
Hcoll =
1
2
Iαβ(Iα − J
(2)
α )(Iβ − J
(2)
β ), (23)
does not mix different representations I, it can be diagonalized in subspaces of dimension dIχ. It is easy to check that
it also commutes with the simultaneous action of H on the intrinsic states (Ji) and on the collective coordinates from
the right (Ii). This ensures that it preserves the physical condition Φi = 0 which the states ψχ satisfy.
In perturbation theory we must restrict the intrinsic part of Hcoll to the given intrinsic subspace of dimension
dim(χ). Indicating this restriction with an overbar, Hcoll becomes:
Hcoll =
1
2
IαβIαIβ − I
αβIαJ
(2)
β +
1
2
IαβJ
(2)
α J
(2)
β . (24)
The second term is a “Coriolis” term, and the third one is constant. The diagonalization of Hcoll in each subspace
of dimension dIχ > 1 must be performed case by case. However, some more information can be obtained using the
H-invariance. The restricted matrices J
(2)
α no longer satisfy the G algebra, but they still satisfy [Ji, J
(2)
α ] = C
β
iαJ
(2)
β ,
which means that they transform under H in the same representation as Jα. By the Wigner-Eckart theorem in the
group H , they are determined by Clebsch-Gordan coefficients up to as many independent constants as irreps of H are
contained in this representation. The number of irreps also gives the number of independent inertia moments in Iαβ .
If G/H is a symmetric space a considerable simplification arises because J
(2)
α = 0. This can be shown using the
involutive automorphism which defines the symmetric space, under which H is invariant and the generators Jα change
sign [6]. Another simplification is that there is only one moment of inertia, so the collective Hamiltonian becomes
4
Hcoll =
1
2I
I2α =
1
2I
(
I2a − I
2
i
)
, (25)
and the dIχ states ψIMχ in (22) are degenerate, since I
2
a and I
2
i are Casimirs of G and H , respectively.
If we choose αi = 0 to fix the H-gauge invariance, the collective functions become f(χµ)(x), with x ∈ G/H0, where
H0 is the identity component of H . The derivatives respect to α
i are replaced by solving Φi = 0, which yield
Ii = Ji = −i
∑
χµν
(Ti)
χ
µνp(χµ)qˆ(χν) + · · · , (26)
Iα = −iΘ
β
α(x)
(
∂β − ζ
i
β(x)
∑
χµν
(Ti)
χ
µνp(χµ)qˆ(χν)
)
+ · · · . (27)
Written in the gauge αi = 0 the collective Hamiltonian becomes (up to a constant term)
Hcoll = −
1
2
gαβ (∇α +Aα) (∂β +Aβ)−
1
2
gαβ
[
(∇α +Aα) A˜β + A˜α (∂β +Aβ)
]
. (28)
The first term corresponds to Landsman-Linden Hamiltonian (7), with the metric on G/H0 given by gαβ = Iγδζ
γ
αζ
δ
β ,
and the H0-connection (Aα)µν = −iζ
i
α(Ti)
χ
µν . The second term gives the coupling to an extra connection
(A˜α)µν = −iζ
β
α(J
(2)
β )µν which comes from the Coriolis terms. In general, for real representations, this is an SO(dimχ)
connection, and is similar to the induced connections studied in [9].
The H0-connection ensures that Hamiltonian (28) applied to functions independent of αi gives the same result
as Hamiltonian (24) acting on functions over G which satisfy (19). When H0 6= H the functions f(χµ)(x) are still
restricted by condition (20) for the discrete elements of H . This restriction can be lifted including a pure gauge
connection which associates a discrete element of H with each non-trivial path in Π1(G/H) (holonomy factors).
V. CONCLUSIONS
We have discussed the collective bands of intrinsic states found when quantizing around a soliton solution with
moduli space isomorphic to G/H . The result is that the collective band of an intrinsic vibrational state realizes an
inequivalent coset space quantization given by the representation of H under which the intrinsic state transforms.
The collective Hamiltonian is that of Landsman and Linden [5], which describes free motion on G/H coupled to a
background H-gauge field. Besides, there may be other background gauge fields coming from the Coriolis terms. The
extra degrees of freedom associated with the non-trivial quantizations are given by the intrinsic coordinates. In this
way, we have given a physical example of the inequivalent quantizations studied in [4,5,7].
This work may be of interest for obtaining the spins and isospins of the ground state of multiskyrmions [10,11]
and their excited states (which have been found for topological charges B = 2 and B = 4 by Barnes et al. [12,13]).
The symmetry group of the Skyrme model is G = O(3)spin ×O(3)isospin, and the elements of H ⊂ G are of the form
h = (h˜, D(h˜)), with h˜ ∈ H˜ ⊂ O(3), and D : h˜ → D(h˜) a three dimensional orthogonal representation of H˜ [14]. For
B > 2 the subgroup H is discrete, and the problem of determining the collective bands is analogous to obtaining the
rotational spectra of polyatomic molecules [15].
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